Abstract. We introduce a notion of N -twist left-veering mapping classes and prove that an open book with N -twist left-veering monodromy contains an overtwisted disk that intersects the binding at N points. As an application we show that an open book is 2-twist (resp. 1-twist) left-veering if and only if the depth of the binding is 2 (resp. 1).
Introduction
A pair (S, φ) of compact oriented surface S with boundary and diffeomorphism φ ∈ Diff + (S, ∂S) is called an (abstract) open book. For an open book (S, φ) one obtains a contact 3-manifold (M (S,φ) , ξ (S,φ) ) [TW] . Open books play significant role in the study of contact structures thanks to the Giroux correspondence, [Gi] , see also [Et, EV] : There is a one-to-one correspondence between the set of contact 3-manifolds up to isotopy and the set of open books up to stabilization and equivalence. Here we say that two open books (S, φ) and (S , φ ) are equivalent if h • φ = φ • h for some orientation preserving diffeomorphism h : S → S fixing the boundary [Et] .
Let T be a transverse link in (M, ξ) (M (S,φ) , φ (S,φ) ), where means contactomorphic. According to Bennequin [B] (when (M, ξ) = (S 3 , ξ std ), the standard contact 3-sphere) and Pavelescu [Pa1, Pa2] (for general (M, ξ)), T is transversely isotopic to some closed n-braid L with respect to the open book (S, φ). Through the contactomorphism (M, ξ) (M (S,φ) , φ (S,φ) ) and braid isotopy, L induces a set P of n points in S near the boundary ∂S and a diffeomorphism φ L ∈ Diff + (S, P, ∂S) called the distinguished monodromy of L.
It is a fundamental problem to understand geometry and topology of (M, ξ, T ) in terms of the corresponding mapping classes [φ] ∈ MCG(S) and [φ L ] ∈ MCG(S, P ). (In the following the bracket [·] will be omitted for simplicity, and a diffeomorphism and its mapping class will be denoted by the same symbol.) In this paper, we are particularly interested in detecting tight/overtwisted-ness of (M, ξ) and non-loose/loose-ness of T . Three earlier works done by Goodman [Go] , Wand [W] , Honda, Kazez and Matić [HKM] are relevant to our goal:
In [Go] Goodman introduced a sobering arc for an open book (S, φ) which is a properly embedded arc α in S such that the intersection of α and its image φ(α) satisfies certain numerical conditions. He showed that (S, φ) supports an overtwisted contact structure if and only if (S, φ) is stably equivalent to an open book (S , φ ) admitting a sobering arc. Here we say that two open books are stably equivalent if they admit stabilizations that are equivalent.
In [W] Wand introduced an overtwisted region in (S, φ). It is a 2N -gon formed by an N -arc system Γ ⊂ S and its image φ(Γ) that satisfies certain conditions. Here an N -arc system is a collection of pairwise disjoint N arcs. He showed that (S, φ) supports an overtwisted contact structure if and only if φ is inconsistent; that is, there exist some arc system Γ ⊂ S and stabilization (S , φ ) of (S, φ) such that Γ and φ (Γ) form an overtwisted region. This observation lead him to prove that Legendrian surgery preserves tightness.
Wand's inconsistency criterion can be seen as a generalization of Goodman's sobering arc criterion to arc systems. There is an alternative refinement of the sobering arc criterion that is the non-right-veering criterion by Honda, Kazez and Matić [HKM] which uses a single arc. They proved that an open book is overtwisted if and only it is stably equivalent to a non-right-veering open book. The right-veering property is most frequently studied in the literature perhaps due to its simple geometric meaning.
In this paper we extend the non-right-veering theory to N -arc systems. We generalize the non-right-veering criterion to a twist-left-veering criterion. Our work may be understood as an analogue of Wand's generalization of Goodman's criterion.
In [IK5] we introduced the right-veering ordering ≺ right and the strong right-veering ordering right of arcs, see Definition 2.2. A mapping class φ ∈ MCG(S, P ) is called non-right-veering (resp. non-quasi-right-veering) if φ(γ) ≺ right γ (resp. φ(γ) right γ) for some arc γ. Both orderings ≺ right and right can be naturally extended to N -arc systems.
Let N = 1, 2, . . . . An N -arc system Γ and its image φ(Γ) may or may not form a 2N -gon R(Γ, φ(Γ)), which we call a boundary based region (Definition 3.6 and Figure 4) . If the 2N -gon is formed then we define another N -arc system φ tw (Γ) called the left-twist of Γ by φ(Γ) (Definition 3.8). We have φ tw (Γ) ≺ right Γ ≺ right φ(Γ). In case no 2N -gon is formed (including the N = 1 case) we define φ tw (Γ) := φ(Γ). We say that φ is N -twist left-veering if φ tw (Γ) right Γ for some N -arc system Γ.
When N = 1 we always have φ tw (Γ) = φ(Γ) and 1-twist left-veering is equivalent to (i) nonright-veering if P = ∅ and (ii) non-quasi-right-veering if P = ∅. Thus, N -twist left-veering is a generalization of non-right-veering and non-quasi-right-veering. Although someone might want to name it non-N -twist right-veering, we prefer N -twist left-veering to avoid the prefix 'non-', and in fact, when φ tw (Γ) right Γ the system φ tw (Γ) is on the left of Γ near the base points.
A contact 3-manifold (M (S,φ) , ξ (S,φ) ) is overtwisted if φ is non-right-veering [HKM] . Similarly, we showed that a transverse link represented by a braid L is loose (the complement is overtwisted) if the distinguished monodromy φ L ∈ MCG(S, P ) is non-quasi-right-veering [IK5] . We generalize these results to N -twist left-veering.
Theorem 4.1 Let L be a closed braid with respect to (S, φ) and φ L ∈ MCG(S, P ) be its distinguished monodromy.
(1) If φ is N -twist left-veering then (M (S,φ) , ξ (S,φ) ) is overtwisted, and there is an overtwisted disk D that intersects the binding B at N points. (2) If φ L is N -twist left-veering then L is loose, and there is an overtwisted disk D ⊂ M (S,φ) \L that intersects the binding B at N points.
For a transverse link T in an overtwisted contact 3-manifold (M, ξ), the depth of T , depth(T ; M ), is the minimum number of intersection of an overtwisted disk in M and T . It was introduced by Baker and Onaran [BO] and measures non-looseness of T . As an application of Theorem 4.1 we develop the study of the depth:
Corollary 5.3 Let (S, φ) be an open book supporting an overtwisted contact structure and B (S,φ) be its binding. Then depth (B (S,φ) 
In [IK3, IK4] we showed that
• the binding has depth (B (S,φ) ; M (S,φ) ) = 1 if and only if φ is non-right-veering (i.e. 1-twist left-veering), and
We extend this result to 2-twist left-veering:
Theorem 5.8 Suppose that ξ (S,φ) is overtwisted. Let L be a closed braid in M (S,φ) .
• depth (B (S,φ) ; M (S,φ) ) = 2 if and only if φ is right-veering and 2-twist left-veering.
• depth (B (S,φ) ; M (S,φ) \L) = 2 if and only if φ L is quasi-right-veering and 2-twist left-veering.
The paper is organized as follows. In Section 2 we recall basic definitions including the two orderings ≺ right and right of arcs in S and non-quasi-right-veering monodromies. In Section 3 we extend the definition of the two orderings to N -arc systems. We further define a boundary based region R(Γ, Γ ), left twist φ tw (Γ) of Γ and finally introduce the notion of N -twist leftveering. In Section 4 we prove the main result Theorem 4.1. In Section 5 we discuss applications of Theorem 4.1 to the depths of transverse links. Let S be an oriented compact surface with non-empty boundary and P = {p 1 , . . . , p n } be a (possibly empty) set of n distinct interior points of S. The mapping class group MCG(S, P ) is the group of isotopy classes of orientation preserving diffeomorphisms of the surface S fixing ∂S pointwise and fixing P setwise. In the following, MCG(S) = MCG(S, ∅).
An (abstract) open book is a pair (S, φ) of a surface S and a diffeomorphism φ ∈ Diff + (S, ∂S) (or a mapping class φ ∈ MCG(S)). Throughout, for simplicity a diffeomorphism and its mapping class are denoted by the same symbol if no confusions occur.
For an open book (S, φ) let M (S,φ) be a closed 3-manifold defined by
where ∼ is the equivalence relation
We denote the quotient map by Π :
For each t ∈ [0, 1] the closure of the fiber S t := π −1 (t) is called a page of the open book. Note that S 0 and S 1 represent the same page in M (S,φ) .
For t ∈ (0, 1) let p t = Π −1 | St : S t → S × {t} = S be the canonical diffeomorphism arising from the definition (2.1). To define p 0 : S 0 → S, for x ∈ S 0 we choose a sequence of points {x n ∈ S tn ⊂ M (S,φ) | 0 < t n+1 < t n } that converge to x, and define p 0 (x) = lim n→∞ p tn (x n ) (this is well-defined and independent of a choice of {x n }). The diffeomorphism p 1 : S 1 → S is defined similarly. Thus, p 0 = φ • p 1 for the pages S 0 and S 1 that are identified in M (S,φ) .
A contact structure ξ = ker α on M (S,φ) is supported by the open book (B (S,φ) , π) if if dα > 0 on every page S t and α > 0 on B (S,φ) . Up to isotopy there exists a unique contact structure ξ (S,φ) on M (S,φ) supported by (B (S,φ) , π) [Gi] . If (M, ξ) and (M (S,φ) , ξ (S,φ) ) are contactomorphic then we say that (M, ξ) is supported by the open book (S, φ) or, (S, φ) is an open book of (M, ξ). ,φ) and L is positively transverse to every page. For a fixed (S, φ) two closed braids L 0 and L 1 are called braid isotopic if they are isotopic through a continuous family {L t } 0≤t≤1 of closed braids with respect to (S, φ).
takes L to T (up to transverse isotopy). In fact, due to Bennequin [B] and Pavelescu [Pa1, Pa2] , given a contact manifold (M, ξ) and its open book (S, φ), every transverse link T in (M, ξ) is represented by some closed braid L with respect to (S, φ) and such L is unique up to braid isotopy, positive braid stabilization and positive braid destabilization.
Let L ⊂ M (S,φ) be a closed braid with respect to (S, φ). Take a collar neighborhood ν(∂S) so that φ| ν(∂S) = id ν(∂S) , and move L by braid isotopy so that
Then φ is regarded as a diffeomorphism (S, P ) → (S, P ) hence it gives an element j(φ) ∈ MCG(S, P ). By cutting M (S,φ) along the page S 0 we get a cylinder S × [0, 1] and L gives rise to an element β L of the surface braid group B n (S). We define the the distinguished monodromy of L by
where i is the push map in the generalized Birman exact sequence [FM, Theorem 9 
The distinguished monodromy φ L is well-defined up to point-changing isomorphism [IK5] : If two closed braids L and L with respect to (S, φ) are braid isotopic, then there is a point-changing isomorphism Θ : MCG(S, P ) → MCG(S, P ) where
for some orientation-preserving diffeomorphism θ : (S, P ) → (S, P ) such that θ| ∂S = id ∂S and θ is isotopic to id S if we forget the sets of marked points P and P . When P = P , this simply means that φ L and φ L are conjugate in MCG(S, P ).
2.2. Strong right-veering ordering and quasi-right-veering. We review the right-veering orderings of arcs and the definition of quasi-right-veering.
Take a base point v ∈ ∂S. Let A v (S, P ) be the set of isotopy classes of oriented properly embedded arcs γ : [0, 1] → S \ P satisfying γ(0) = v and γ(1) ∈ ∂S \ {v}. Here we allow arcs to be boundary-parallel and by an isotopy we mean isotopy fixing ∂S. Let γ denote the arc γ with the reversed orientation so that γ(t) = γ(1 − t).
We call an element of A v (S, P ) an arc based on b. Abusing the notation, by an arc γ ∈ A v (S, P ) we will mean three different objects.
• a map γ :
• The isotopy class of the submanifold γ.
We say that arcs α and β intersect efficiently if they realize the geometric intersection number. We will always assume that all arcs intersect pairwise efficiently. In particular, when α and β have the same isotopy class then int(α) ∩ int(β) = ∅.
The following orderings are important in 3-dimensional contact topology.
Definition 2.1 (Right-veering ordering ≺ right ). For arcs α, β ∈ A v (S, P ), we denote α ≺ right β if α = β and the arc β lies on the right side of α in a small neighborhood of the base point v.
Definition 2.2 (Strong right-veering ordering right [IK5] ). For arcs α, α ∈ A v (S, P ), we denote α ≺ disj α if α ≺ right α and α ∩ α = {v}. We denote α right α if α = α and there exists a sequence of arcs α 0 , . . . , α k ∈ A v (S, P ) such that
The relation ≺ right is a strict total order and right is a strict partial order (strict in the sense that it is not irreflexive; a ≺ right a for all a). The relation ≺ disj is not a strict partial order since it is not transitive; a
Remark 2.3. The definitions of right in Definition 2.2 and [IK5] are slightly different. In this paper for the sequence of arcs (2.2) we require α i ∩ α i+1 = {v} (so α i and α i+1 only shares the common base point v), whereas in [IK5] we require a weaker condition int(α i ) ∩ int(α i+1 ) = ∅ (so we allow α i and α i+1 have the same start point and end point).
However, as for the definition of quasi-right-veering, Definition 2.6 below and the one given in [IK5] are equivalent. This is because when α and β share the same endpoint, we can perturb the endpoints of arcs to make them distinct as long as α ∪ β does not cut a punctured disk (bigon).
When P = ∅ the orderings ≺ right and right are the same, which can be proved using a work of Honda, Kazez and Matić [HKM, Lemma 4 .1]. However, when P = ∅, ≺ right and right are different as studied in [IK5] .
The mapping class group MCG(S, P ) acts on A v (S, P ) and the action preserves both ≺ right and right . Using the total ordering ≺ right the right-veering property is defined as follows.
Definition 2.4 (Right-veering [HKM] ). An element φ ∈ MCG(S, P ) is right-veering if for any v ∈ ∂S and any arc α ∈ A v (S, P ), α right φ(α); that is, α ≺ right φ(α) or α = φ(α).
For our purpose, however, it is much more convenient to accept non-right-veering as the basic concept. We view right-veering as not non-right-veering. Definition 2.4 is rephrased as follows:
Definition 2.5 (Non-right-veering). An element φ ∈ MCG(S, P ) is non-right-veering if there exists v ∈ ∂S and an arc α ∈ A v (S, P ) such that φ(α) ≺ right α. Otherwise, we say that φ is right-veering.
Using the strong right-veering ordering right in the place of ≺ right , we define quasi-right-veering. Definition 2.6 (Non-quasi-right-veering [IK5] ). An element φ ∈ MCG(S, P ) is non-quasi-rightveering if there exists v ∈ ∂S and an arc α ∈ A v (S, P ) such that φ(α) right α. Otherwise, we say that φ is quasi-right-veering.
Since right and ≺ right are the same when P = ∅, φ ∈ MCG(S) is right-veering if and only if it is quasi-right-veering. On the other hand, when P = ∅, φ is quasi-right-veering if φ is right-veering [IK5, Proposition 3.14], but the converse is not true in general.
The following is a list of properties of non-quasi-rightveering.
Theorem 2.7. Let (M, ξ) be a closed contact 3-manifold and T be a transverse link in (M, ξ). 3. Right-veering ordering on arc systems and N -twist left-veering 3.1. Right-veering ordering on arc systems. In this section we extend the strong right-veering ordering right to arc systems.
Definition 3.1 (N -arc system). Let B = {v 1 , . . . , v N } ⊂ ∂S be distinct N boundary points. Let
We call an element of A B (S, P ) an N -arc system of (S, P ) based on B.
We may abuse the symbol Γ for different objects such as:
We denote Γ(1) :
We naturally generalize ≺ right and right of Definitions 2.1 and 2.2 as follows: • We denote Γ ≺ disj Γ if Γ ≺ right Γ and Γ ∩ Γ = B.
• We denote Γ right Γ if Γ = Γ and there exists a finite sequence of N -arc systems
While right is an strict partial ordering, ≺ disj is not.
Example 3.4. See Figure 1 . Sketch (i) depicts single arcs α and β satisfying α right β. If N > 1 both ≺ right and right are strict partial orderings but they are distinct since Γ ≺ right Γ does not imply Γ right Γ even if P = ∅. Indeed, γ i right γ i for all i = 1, . . . , N (which is stronger than Γ ≺ right Γ when P = ∅) does not imply Γ right Γ as the next example shows.
Example 3.5. For Γ = (γ 1 , γ 2 ), Γ = (γ 1 , γ 2 ) ∈ A {b1,b2} (S) in Figure 2 , we have γ 1 right γ 1 and γ 2 right γ 2 . That is, Γ ≺ right Γ . However, Γ right Γ because due to the shaded region enclosed by Γ ∪ Γ , any arc system Γ = (γ 1 , γ 2 ) ∈ A {b1,b2} (S) with γ i ≺ right γ i ≺ right γ i (i = 1, 2), γ 1 must intersect γ 2 ∪ γ 2 and γ 2 must intersect γ 1 ∪ γ 1 . Here are some terminologies we use:
• Renumbering the arcs of Γ = (γ 1 , . . . , γ N ) and Γ = (γ 1 , . . . , γ N ) we may assume that v i = γ i (0) and q i ∈ γ i ∩ γ i+1 for i = 1, . . . , N (mod N ). Corners v 1 , . . . , v N are called base corners and depicted by black dots • vi in figures, and q 1 , . . . , q N are called non-base corners and depicted by hollow circles • qi .
• The 2N boundary edges are named γ i• ⊂ γ i and γ i• ⊂ γ i (bullets • are added to remember that the edges are oriented arcs which start from the base corners
• When there is no boundary based region we denote R(Γ, Γ ) = ∅. In particular, when N = 1 we say that R(Γ, Γ ) = ∅.
Here are some remarks we want to highlight:
• All the non-base corners q i are negative intersections of Γ and Γ .
• R does not contain a puncture point of P .
• Given Γ, Γ , the boundary based region is unique if it exists.
• Although Γ and int(R) are disjoint, Γ may intersect int(R).
A boundary based region serves as an obstruction for Γ right Γ :
The proof is related to Example 3.5.
Proof. Assume to the contrary that R(Γ, Γ ) = ∅ and Γ right Γ . Then there exists an interpolating sequence: Figure 3 . This contradicts the assumption that Γ k−1 ≺ disj Γ .
:
, sub arc systems of Γ and Γ form another boundary based region.
In the following, we mainly study boundary based regions R(Γ, φ(Γ)) where Γ = φ(Γ) for φ ∈ MCG(S, P ).
Definition 3.8 (Left twist). Let B = (v 1 , . . . , v N ). For Γ ∈ A B (S, P ) and φ ∈ MCG(S, P ) we define φ tw (Γ) the left-twist of Γ for φ as follows:
start from v i and go along γ i until reaching q i−1 then turn left and switch to φ(γ i−1 ) to the end. See Figure 4 . Figure 4 . The boundary based region R(Γ, φ(Γ)) and the left twist φ tw (Γ): from each base point v i walk along γ i until hitting q i−1 then turn left and walk along φ(γ i−1 ).
Using the left-twist φ tw (Γ) we define N -twist left-veering.
Definition 3.9. (N -twist left-veering)
• Let N = 1. An element φ ∈ M CG(S, P ) is 1-twist left-veering if there exist an arc γ in S \ P such that φ tw (γ) = φ(γ) right γ.
• Let N ≥ 2. An element φ ∈ M CG(S, P ) is N -twist left-veering if there exist a set of N base points B and an N -arc system Γ ∈ A B (S, P ) such that the boundary based region R(Γ, φ(Γ)) exists and φ tw (Γ) right Γ.
(If R(Γ, φ(Γ)) does not exist and φ tw (Γ) right Γ then we can see that φ is 1-twist leftveering.) Proposition 3.10. When N = 1, for every 1-arc system Γ = {γ} the boundary based region R(Γ, φ(Γ)) is empty so φ tw (Γ) = φ(Γ). Therefore we have the following:
• φ ∈ MCG(S, P ) is 1-twist left-veering if and only if φ is not quasi-right-veering.
• φ ∈ MCG(S) is 1-twist left-veering if and only if φ is not right-veering.
Overtwisted disks and N -twist left-veering monodromies
Theorem 4.1. Let L be a closed braid with respect to (S, φ) and φ L ∈ MCG(S, P ) be its distinguished monodromy.
( [BF] for a useful guide to the work of Birman and Menasco on braid foliations, and [BM] for their key paper that is relevant for us. It is the first place where braid foliations were used to solve a major then-open problem in contact topology.
In the proof, we will construct a transverse overtwisted disk D which has N negative elliptic points that are exactly the negative intersection points of B ∩ D. The idea of the construction of D can be found in the proof of Theorem 2.4 in [IK2] . As we have shown in [IK4, Theorem 3] , see also [IK5, Theorem 5 .2], shrinking such a transverse overtwisted disk D gives a usual overtwisted disk D with the geometric intersection |D ∩ B| = N as desired.
Proof. We prove (2) since (1) is a special case of (2) where P = ∅ (i.e., the closed braid L is empty).
Assume that φ L ∈ MCG(S, P ) is N -twist left-veering.
If N = 1 then by Proposition 3.10 φ L is non-quasi-right-veering. By [IK2, Theorem 2.4] and [IK4, Corollary 1] there is a transverse overtwisted disk D in M (S,φ) \ L that intersects B exactly at one point.
Next assume that N ≥ 2. Then there exists an N -arc system Γ ∈ A B (S, P ) such that φ tw L (Γ) right Γ. We have an interpolating sequence of N -arc systems: Figure 5 . Interpolating sequence of arcs and their endpoints
We define a transverse overtwisted disk D on which v i (resp. w For the page parameter t ∈ [0, 1], let b i (t) denote a b-arc in the page S t that connects the negative elliptic point v i and positive elliptic point w j i for some j ∈ {0, . . . , k} depending on t. Figure 6 . a-arcs and b-arcs in the pages S 0 and S t N −1 + .
The remaining construction consists of two steps:
(Step 1): Let 0 < t 1 < · · · < t N −1 < 1 and 0 < ε 1. For each i = 1, . . . , N − 1 we introduce a negative hyperbolic point h − i in the page S ti whose describing arc connects b i (t i − ε) and b N (t i − ε) and is contained in R(Γ, φ L (Γ)) (see Figure 7 for i = 1, 2). Therefore,
As for a-arcs a j i (t) where i = 1, . . . , N , j = 1, . . . , k − 1 and t ∈ [0, t N −1 + ε] no change is made during the 1st step.
Thus, after the 1st step (see the right sketch in Figure 6 ) we have (b 1 (t), . . . , b N (t)) = φ tw L (Γ) = Γ 0 . In other words we have at t = + t N −1 The open book foliation of D described in Step 1 is depicted in Figure 8 where N = 4. Figure 9 . Movie presentation for Step 2.
In short, before and after t = s j , for every i = 1, . . . , N the b-arc for v i changes from
and we obtain: 
Application to depth of transverse links
Recall the depth of a transverse link defined by Baker and Onaran [BO] :
Definition 5.1. [BO] Let T be a transverse link in an overtwisted contact 3-manifold (M, ξ).
The depth depth(T ; M ) of T is defined by:
The depth measures non-looseness of transverse links. In particular, depth(T ; M ) = 0 if and only if T is loose.
In [IK3] we have defined the overtwisted complexity n(S, φ) of an open book (S, φ). n(S, φ) = depth (B (S,φ) ; M (S,φ) ).
Here is a corollary of Theorem 4.1:
Corollary 5.3. Let (S, φ) be an open book supporting an overtwisted contact structure and B (S,φ) be its binding. Then
We expect the above inequality in Corollary 5.3 is an equality.
Conjecture 5.4.
For an overtwisted open book (S, φ) with binding B (S,φ) and a closed braid L in
and the difference can be arbitrary large.
The next lemma concerns the equality of (5.2).
Lemma 5.6. Suppose that N ≤ depth (B (S,φ) ; M (S,φ) ). We have depth(L ∪ B (S,φ) ; M (S,φ) ) = N if and only if depth (B (S,φ) ;
Proof. Let B := B (S,φ) and M := M (S,φ) . • depth(B (S,φ) ; M (S,φ) ) = 1 if and only if φ is non-right-veering (i.e. 1-twist left-veering).
• depth(L ∪ B (S,φ) ; M (S,φ) ) = depth (B (S,φ) ; M (S,φ) \ L) = 1 if and only if φ L is non-quasiright-veering (i.e., 1-twist left-veering).
As a supporting evidence of the conjecture we prove the depth 2 case.
Theorem 5.8. Suppose that ξ (S,φ) is overtwisted. Let L be a closed braid in M (S,φ) .
Proof. (⇒) Assume that depth (B (S,φ) ; M (S,φ) \ L) = 2. By Proposition 5.7 we know that φ L is quasi-right-veering. Thus, it is enough to show that φ L is 2-twist left-veering.
There exists a transverse overtwisted disk D ⊂ M (S,φ) \ L with exactly two negative elliptic points, which we call v 1 and v 2 . For t ∈ [0, 1] and i = 1, 2, let b i (t) denote the b-arc (if exists) in D ∩ S t that ends at v i .
Since the graph G −,− of any transverse overtwisted disk is a tree, D has exactly one negative hyperbolic point, h − , that is connected to v 1 and v 2 by a singular leaf. Let {S tn | n = 1, · · · , k} where 0 < t 1 < t 2 < · · · < t k < 1 be the set of singular pages. For a transverse overtwisted disk with two negative elliptic points, k ≥ 4. Assume that the unique negative hyperbolic point h − lies in S t1 and each of the pages S t2 , · · · , S t k contains one positive hyperbolic point.
For t = t 1 , . . . , t k let Γ t := (b 1 (t), b 2 (t)) be a 2-arc system consisting of the b-arcs of D in the page S t , where we take the base B = {v 1 , v 2 }. Then we have Γ 0 = φ L (Γ 1 ). Since each positive hyperbolic point veers a b-arc to the right with respect to the negative elliptic point v i and the resulting arc is disjoint from the original one, we have
We may assume that the end points of the describing arc for the hyperbolic point h − are very close to v 1 and v 2 (see the left sketch in Figure 11) . The boundary based 4-gon R(Γ, φ L (Γ)) exists in a neighborhood of the describing arc (the shaded region in the 4th sketch of Figure 11 ). This shows that φ tw L (Γ 1 ) = Γ t1+ hence φ tw L (Γ 1 ) = Γ t1+ right Γ 1 , i.e., φ L is 2-twist left-veering.
... 
